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Free field realization of (/-deformed primary fields for U q {s\2) 

Atsushi MATSUO 

Department of Mathematics 
Nagoya University, Nagoya 464-01, Japan 

Abstract. The q- vertex operators of Frenkel and Reshetikhin are studied by means of 
a (/-deformation of the Wakimoto module for the quantum affine algebra U q {s[-z) at an 
arbitrary level k ^ 0, —2. A Fock module version of the (/-deformed primary field of spin 
j is introduced, as well as the screening operators which (anti-) commute with the action 
of U q (sl2) up to a total difference of a field. A proof of the intertwining property is given 
for the g-vertex operators corresponding to the primary fields of spin j ^ |Z>o, which is 
enough to treat a general case. A sample calculation of the correlation function is also 
given. 
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1. Introduction 

In a recent paper [FR], Frenkel and Reshetikhin constructed a certain (/-deformation of 
the Wess-Zumino-Witten (WZW) model on the sphere in the operator formalism based on 
the representation theory of the quantum affine algebras. They defined the notion of q- 
deformed chiral vertex operators as certain intertwining operators, which give an analogue 
of the primary fields. In principle, the intertwining property characterizes them, however, 
it is not easy to find an explicit expression of them. 

For si 2 WZW model, the following realization is known (cf. [FLMSS]). The standard 
si 2 currents J ± (z), J°(z), screening operators S(z), S + (z) and the primary fields 4>j^ m (z) 
of spin j are explicitly written as 

J ± (z)=: ^ [VF+2d<p 1 (z)±iVkd(p 2 (zj\ e ± v / f[^( 2 )-^oW] :> 

J°(z) = -^dM^ 
(1.1) S(z)=:-^= + 2d(p!(z) + i^/kdip 2 (z) e 



where ipi(z) are independent bosonic fields normalized as <pi(z)<pi(w) ~ log(z — w). Then 
the operator product of S(z) or S + (z) with the current is a total derivative of a field, 
which is anihilated by integration on a closed cycle. Note that by fixing the picture 
of the Fock module [FMS] and restricting it to ker Q + , where Q + = § S + (z)dz, one 
obtains the Wakimoto module [W]. Among these Fock modules the primary fields act 
and a combination of them with the screening charge, which is an integration of the 
composite operator S(t\) ■ ■ ■ S(t r ) on a certain cycle, gives rise to the chiral vertex operator 
of Tsuchiya and Kanie [TK], see also [BF]. 

The aim of the present article is to construct a (/-deformation of this realization fol- 
lowing the line of a previous work [M3]: the operators are deformed by changing the 
normalization of the modes of <Pi(z) and by replacing the differential difi(z) with a certain 
difference. In this paper we show that S(z), S + (z) and <j>j,m(z) are also deformed in the 
same spirit. Then the operator Q + = § S + (z)dz (anti)-commute with the currents and 
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the primary fields. We also fix the picture and restrict the Fock module to ker Q + . Thus 
we obtain a Fock module version of the (/-deformed chiral vertex operators of Frenkel and 
Reshetikhin. We show that the operator product of S(z) with the current is a total in- 
difference of a field, where p = q 2 ( k+2 \ This total difference is eliminated by the Jackson 
integral, a p-deformation of integration, thus we obtain a screening charge. Therefore, 
putting aside a problem of choice of a (/-cycle of the Jackson integral, we are able to obtain 
an explicit expression of the correlation function, which gives a Jackson integral solution 
to the quantum ((/-deformed) Knizhnik-Zamolodchikov equation. 

The paper is organized as follows. In sect. 2, we summarize some notions from repre- 
sentation theory of the quantum affine algebra U q (sl2), and fix the notations in (/-analysis. 
In sect. 3 we review the result of [M3] in a modified form. Sect. 4 is devoted to a con- 
struction of a deformation of the screening operators S(z) and S + (z). We also discuss 
the restriction of the Fock spaces. In sect. 5, the primary fields of spin j are introduced 
and the intertwining property of the corresponding (/-vertex operator is proved except for 
2j G Z> . In sect. 6 we discuss a property of the correlation function, and give a sample 
calculation of it. A brief conclusion will be given in sect. 7. 

Recently Kato et al. [KQS] also discussed a free field realization of (/-vertex operators 
using Shiraishi's representation of U q (sl 2 ) [S]. A comment on [KQS] will also be given in 
sect. 7. 
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2. Preliminaries 

Let C denote the field of complex numbers and C* = C — {0} its multiplicative group. 
Let q be a complex number transcendental over Q, the field of rational numbers. In the 
sequel, if necessary, we choose an appropriate branch of the complex power of the form g M , 

n e C. 

The quantum affine algebra U q = U q (sl 2 ) is the associative algebra generated over C 
by the letters e , e±, /o, /i, q ±h °,q ±hl , q ±d satisfying the following defining relations: 

qhoghi _ qhi qho q^q^-i = q^iqd q^Oq—ho _ q^q~^ = q^q~^ = 1 
q hi e iq - hi =q 2 e % , q hi e jq - hi = q~ 2 e j (i^j), 

q h *hq- h * =q~ 2 fi, q K f 3 q~ K = q 2 fj (i * j), 
q d e iq - d =q S ^e t , q d f z q- d = q~ 5 ^ f t , 

(2-1) <,./,[ J 



Q-Q 1 



4 e i - (q 2 +l + q 2 )e 2 ejei 

+ (q 2 +l + q- 2 )e iej e 2 - e 3 e\ = 0(i^j), 

ftf 3 -{q 2 +l + q- 2 )f 2 fjh 

-('/-'• i + q~ 2 )fifjf 2 - fjf! ()('/./)• 

where we have used the standard notation: 
(2.2) [m] = 

The subalgebra generated by e , ei 7 f , fi, q ±h " , q ±hl is denoted by U' q . This algebra 
admits another realization in terms of generators and relations, called the Drinfeld real- 
ization [D2], which will play a crucial in our construction [M3]. However, since apparently 
it is not necessary in this paper, we ommit it. 

The algebra U q becomes a bialgebra with the comultiplication defined by 

A(e;) = e; <g> 1 + q hi <g> e i? 
A(f i ) = f i ®q- hi + l®f i , 

(2.3) 

A(q hi ) =q h >®q h *, 
A(q d ) = q d ®q d . 



Thus we can consider the tensor product of two representations. Note that this choice of 
comultiplication coinsides with that of [JMMN] or [DFJMN] and differs from that of [FR]. 

Let us introduce two kinds of representation of U q for later use. The first kind is 
the highest weight representations (cf. [L]) and the other is the evaluation representations 
(cf. [J]). The former are not necessarily integrable, and the latter are not necessarily the 
affinization of finite dimensional modules. 

A £/g-module M is said to be a highest weight module of spin / at level k if there 
exists a vector vi e M such that 

(2.4) M = U q v, eiv = e Q v = 0, q hl v = q 2l v, q h °v = q k ~ 2l v and q d v = v. 

The vector v is called the highest weight vector. Then the highest weight of M is 2/Ai + 
(k — 2/)A , where Aj, i = 0, 1, are the usual fundamental weights. For instance the Verma 
module of U q is a highest weight module similarly defined as in the case of a Kac-Moody 
Lie algebra (cf. [L]). It is irreducible unless the highest weight satisfies a special condition. 

The evaluation representation concerned in this paper is the following type: the vector 
space Vj(z) = (®iZo^ v j,j-i) ® z~ x ] equipped with the [/^-module structure defined 
by 



(2.5) 





^z n 


= [j + m]Vj tm -l 




e v jjm $ 


?>z n 


= [j - m]v j:m+1 <g> 


z n+l 


flVj, m G 


^z n 


= [j - m]vj tm+ i <g> 


z n , 


foVj, m $ 


$z n 


= [j + m]uj >m _i O 


z n-l 


Q hlv j,m £ 


$z n 


= q j - 2m v j , m ®z n , 




q ho Vj, m d 


$z n 


= q 2m - j v j , m ®z n ., 




q d Vj, m $ 


3z n 


= q n v J , rn ®z n . 





The space Vj(z) is also endowed with the natural C[z, z _1 ]-module structure. When 2j 
is a non-negative integer, then (®'fLo^ v j,j-i^ ® C[z, is the affinization of a finite 
dimensional [/^-module [Jl]. 

Now let us turn to preliminaries from g-analysis. We define the difference operator 



for a scalar p G C* by: 



(2 6) d f(p^z)-f(p-^z) 

5 



for a function f(z) on C*. A function of the form -§^f(z) is called a total (p-) difference 



of a function f(z). 

To eliminate a total difference, we need some analogue of integration. For instance, 
the Jackson integral, defined by 

(2-7) / /(z)-E- = (l-p) £ /( ap ») 

for a scalar s G C*, satisfies 

(2.8) jf" = 

if it is convergent. Another example is to take the residue at zero: 

(2.9) 1 -= I f(z)dz = [ residue of f(z) at z = 0] , 

27TV-1 / 2 =o 

for a meromorphic function. Then we have 

(2 - 10) ^Lt* nz)dz=0 

We finally note that in this paper we shall freely use the technique of operator product 
expansion. Let A n : F\ — > i<2, n G Z, be linear maps of vector spaces Fi, F 2 . Then 
the power series A{z) = J2 neZ z~ n ~ A A n , where A is a complex number, is simply called 
an operator or a field of dimension A. We will write by abuse of notation as A(z) : 
Fx -> F 2 . Now let A(z) : F 2 -> F 3 and B{z) : F t ^ F 2 be operators. Then the 
composition A{z)B{w) : Fx — > F 3 is defined as formal power series. When it can be 
analytically continued outside some locus, the notation A(z)B(w) ~ C(z,w) means that 
A(z)B(w) — C(z,w) is holomorphic on C* x C* in appropriate sense. Note that the 
singular locus of C(z, w) is not necessarily z = w in our construction, unlike the q = 1 
case. The reader who is not familiar with this technique should be referred to [TK] for a 
mathematical survey. 
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3. Free field representation of U q {s\2) 

Let {a n , a n ,f3n \ n E Z} be a set of operators satisfying the following commutation rela- 
tions: 

, . [2m] [km] 

[OL m i CX — ml , 

m 

(3-lJ [a m , «-m = , 



m 



[2m][(fc + 2)m] 

[Pmi P—m\ 



m 

Suppose that the other commutators are zero. By renormalizing these operators, we have 
the usual modes of three bosonic fields. In other words they form the direct sum of three 
Heisenberg algebras with infinite generators. 
We define 

N+ = C[a m , a m , /3 m ] m >o, 

(3 ' 2) 

— C[a m , a m , Pm]m<o- 

The left Fock module i r /, mi , m2 is uniquely characterized by the following properties: there 
exists a vector |Z, mi, 777-2) in F|, mi ,m 2 such that 

Po\l, mi, m 2 ) = 2/ \l, mi, m 2 ), 
cto|/,mi,m2) = 2mi|/, mi, m2), 
(3.3.L) ao|i,mi,m2) = -2m 2 |/, mi, m 2 ), 

AT + |Z, mi, 7712) = 0, and 
iV_|Z, 777,1,777,2) is a free A^_-module of rank 1. 
The right Fock module i r / mi m2 is similarly characterized by 

(/, mi, m 2 \/3o = 21 (/,mi,m 2 |, 

(/,mi,m2|ao = 2mi(Z,mi,m2|, 

(3.3.i?) (/,mi,m 2 |o7 = — 2m 2 (l, mi, m 2 |, 

(/, mi, m2|vV_ = 0, and 

(/, mi, m2|iV_|_ is a free iV_|_-module of rank 1. 

In the sequel we will be mainly concerned with the left Fock modules. Each statement will 
have a right module counterpart. 
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For each triple of complex numbers r, si and s 2 , we define the operator e 2r i 3 + 2s i Q + 2s 2« 
by the mapping |Z, mi, 777-2) ^ |/ + r, mi + si,m.2 + S2) such that it commutes with the 
action of N±. The normal ordering : : is defined according to a < oto, a < ao, (3 < (3q and 
iV_ < N+. 

Consider the operators X ± (z) : Fj )mi>m2 -> Fi j7ni ± ljm2 ±i defined by 
(3.4) 

X+(z) = {q _\- l)z ■■ Y+(z)^Z + ( q -^z)W + (q-iz) - W_(qh)Z_(q^ z)^ :, 
X ~ {Z) = {q-l- l )z Y ~( z ){ Z +(Q h ^ z ) W +(^ z )~ 1 - W-iq-h^Z-iq-^z)} :, 



where 



Y+(z) = exp <j Q ^ («-m + «-m) 



, 2 (a +a)z i(a 0+a b) exp I _ £ g (afn + « m) 



(3.5) 



Y (z) = exp <j - ^ g ™ («-m + «-m) 



00 

fcrri. ^ 



e-^),-i(^o) exp ^^£_ (am+ ^ ) ^ 



(3.6) 



^+W=exp|-( g - ? - 1 )f;^I 
Z_( 2 )=expj(Q-Q- 1 )^^-i 

^ m=l L 



«-m > q 2 



(3.7) 



W+(z) = exp \-(q - q- 1 ) £ z~ m ^p, 
W_(^)=exp|( 9 -Q- 1 )f;^I 



q 



777 „ J i fl „ 



Now ao + «o acts on F; m m by zero. Therefore the expansion of the form 



(3.10) X±(z) = 



± — m 



makes sense on Fi jm ^ m . Moreover let us introduce the operator p 5 for a scalar p G C* 
characterized by 

(3.11) p 5 a m p- s = p m a m , p 5 a m p- s = p m a mi p s P m p~ s = p m p m , 
and 

(3.12) p s \l, mi, 1712) = 1 for any I, mi, 777-2- 
Then we have 

Proposition 3.1 There exists a representation 7r ; : U q — > End(© m= ; + zi 7 'z,m,m) such that 

TTz(ei) = xj, 7Ti(/l) = Xq , 7T«(9 hl ) = 9°° , 

TTi(eo) =zrg" Q0 , 7T/(/o) = 0^ii, ir l (q h °) = q k q- a °, m(q d ) = q 6 . 

Proof. Straightforward, see [M3]. Q.E.D. 

Remark 1. To make (3.4) be single valued, \{oiQ + a~o) is necessarily an integer. The 
constraint ao + ao = means that we have fixed a picture of Fock representation, see 
[FMS] and [FLMSS] . 

Remark 2. Let Lq be the operator defined by 

(3-13) m> ° ^ x 

+ E [2m][(fc + 2H^- m ^ m + 4(fcT2) (/3 ° 2 + 2(3o) 



m>0 



Then we have S + L = on ^,mi,m 2 - When <? = 1, this is the usual L of the energy 

momentum tensor T(z) = Emez 2 "™" 2 ^ ( cf - [FLMSS]). 

In the sequel we will drop iii when we write the action oKJ q . 

Proposition 3.2 The vector |/,/,Z) for any / G C satisies ei|/,/,/) = e |/,/,/) = 0. 

Proof. Straightforward. Q.E.D. 
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4. Screening operators and structure of Fock spaces 

In this section we define an analogue of screening operators. We set 



(4.1) H(z) = ^~ m ~V 



m£Z 

for convenience. 

Consider the operator S + (z) : Fi jTni , m2 -> F [+ k+2 )mii7n2+ k defined by: 



(4.2) 



S + (z) = exp | f; z m ^ (q^ m [3- m + q^a-m) J 



oo 

iik +2)p+ka z ^(3 0+ a ) exp <J - ]T Z~ m T^~T (p™ Pm + 



[2m] 

m=l 



Lemma 4.1 We have the following relations: 

X+(z)S+(w) = -S+(w)X+(z) ~ A. /^_y+( z )s+( z )\ 

OqW \Z — W ) 

X-(z)S+(w) = -S+(w)X-(z) ~ 0, 
H(z)S+(w) = S + (w)H-(z) ~ 0, 
q d S+(w)q- d = q^^S+iq^w), 

where 

= exp | J2 (l^ m P-m + q^ m a- m ) J 

e (k + 2)/3+ka z Ui3o+a ) eX p J - z" m ^— [q^ m f3 m + q^ m a m ) 1 . 

L m=l L ' J 

Proof. Straightforward. Q.E.D. 

Note that S + (z) is single valued on F^ miym2 provided / — m 2 is an integer. Let Q + 
be defined by: 

(4.3) Q+ = _J—js + { Z )dz. 

Then we immediately see 
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Proposition 4.2 The operator Q + commutes with the action of U' up to sign and with 
q d up to a scalar multiple. 

Now we are in a position to consider a restriction of the Fock spaces. We define 

(4.4) Ft = ®m=i+zker(Q + : F z , m , m - F l+k _^^ m+ u). 

Because of Proposition 4.2, U q acts on F[. Moreover the following holds: 

Proposition 4.3 The character of Fi is same as the Verma module of spin / at level k. 

Proof. Let us first make the following observation: putting 

S + (z) =: expx(^) : 

where 

00 ( k+2 m 

q 2 in g 2 hi 



no C k fc+2 

m=l k 



we have x( z )x( w ) ~ l°g(z — w). Therefore we may understand Q + as the zero mode 770 of 
the fermionic ghost system (77, £) of dimension (1,0): 

= ^ ^- m " 1 r ?m =: e*« :, = £ z"™ £ m =: e"*« : . 

m£Z m£Z 

Since we have ?7q = and ??o£o + £0^0 = 1, we obtain the following exact sequence: 

Q+ Q+ Q+ 

By using this sequence, we can compute the character of Fi, which is shown to be same as 
the Verma module with spin / at level k. Q.E.D. 

In particular we have 

Corollary 4.4 Let / be a general complex number such that the Verma module with spin 
/ at level k is irreducible. Then it is isomorphic to Fi with the highest weight vector |Z, /, /). 
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Note. A detail of the discussion of the character is communiacted to the author by A. 
Tsuchiya. When q = 1, the result is also found in some physics literatures, see [FMS], 
[FLMSS]. In this limit, F t is isomorphic to the Wakimoto module of sl 2 (cf. [FLMSS]). This 
situation allows us to claim that our representation is a (/-deformation of the Wakimoto 
module. 

Remark. There exists another screening operator S~(z) defined by 
S~(z) = exp j- f; z m -^ (q-^(3_ m - q~^a. m ) 

<k +2)f3+k* z ±(-(3 +a ) exp j J- _i_ (q-$™p m - 9 -^"»a m ) 



m=l 



Now until the end of this section, we consider the other screening operator. Consider 
the operator S(z) : F^ mum2 -> Fi_ ljmijm2 defined as follow: 
(4.5) 

S(z) = ~\. : - WL^zJ-^.^z)- 1 j :, 

where Z±{z) and W±(z) are defined by (3.6) and (3.7) respectively, and 

OO _ fe + 2 



*7(z) = exp I - V — 2 -^f3 
y 1 fc + 2m 



(4.6) 



m 

oo _ fe+2 

2 



P + 2)m] 
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Lemma 4.5 We have the following relations 

= 5(«;)5+(z) ~0, 
X+(z)5(w)) = S(w)X+(z) ~ 

r(^(») = S(w)X-(z) ~[k + 2]^- f-L-Y-tfUiiz)) , 

C/pID \^ %> ID j 

H(z)S(w) = S(w)H(z) ~ 0, 
/5(«;)p- d = p-*¥s +1 S(p- 1 «;), 
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where p = q 2 ( k+2 \ Y (z) is defined by (3.5), and 



{OO k + 2 m >. 

Proof. Straightforward. Q.E.D. 
Thus iS(z) defines an operator 

(4.7) S(z) : F l - F,_x, 

and we have 



Proposition 4.6 The operator S^z) commutes with the action of U' up to total p- 
difference of a field. 

Remark. Let L be the operator defined by (3.13). Then we have 

p Lo S(w)p- L " = pS(pw) = S(w) + (p- 1)— \wS(p*w)\. 

Therefore the operator S(w) commutes with p L ° modulo a total p-difference. When q = 1, 
it corresponds to [Lq,S(w)] = -Jj^ {wS(w)}, which comes from the operator product of 
S(w) with the energy momentum tensor T(z) = J2mez z ~ m ~ 2 Lm- 
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5. Primary fields and q- vertex operators 

In this section we construct a Fock module version of (/-vertex operators. As for the 
formulation of intertwining operators, we follow [J2] (cf. [JMMN], [IIJMNT]). For any 
complex number j, let (j)j(z) : i r, r , mi , m2 — > F r+ j ;mi+Jim2+ j be the operator defined by 



( 00 km. rn - 1 



m=l 



(5.1) 



expjv^r ^^r^] ^ 

{00 fc+2 mrn • I 

^ Z) [2m][(k + 2)m]^ 

The primary fields of spin j are defined inductively by 

. o ^ </>j,m-l(z) = T . 7 {4>j,m(z)Xo - q 2rn X^ (j>j, m {z)} , 

(5.2) [j — 77z -t- ±j 

^3,3 ( z ) = <pj( z )- 

We understand <f>j tm (z) = if j — m ^ Z> . 

Proposition 5.1 The primary field 4>j,m{z) commutes with the action of Q + up to sign. 

Proof. The statement follows from Corollary 4.3 and S + (z)(pj(w) = (pj(w)S + (z) ~ 0, 
which is proved by a straightforward calculation. Q.E.D. 

Therefore the image of Fi by each component of 4>j^ m (z) is contained in Fi + j for any / e C. 
Thus we have obtained an operator 

(5.3) ^- m (z) : F l — 



Now let us consider the intertwining property of the primary fields. 
Lemma 5.2 By analytic continuation, we have the following: 

(1) X + (w)cf> j (z) = ( f> j (z)X + (w)~0, 

(2) (q k+2 z - q 2j w)(l) J (z)X-(w) = (q^ +k+2 z - w)X~ {w)^) ~ 0. 
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Proof. Straightforward. 



Q.E.D. 



Proposition 5.3 We have the following relations: 



(1) 


4>j,m{z)ei = 


ei4>j, m (z) + [j + m + l]q hl (j) jjm+1 (z), 


(2) 


4>j,m(z)e = 


e (pj,m(z) +z[j - m + l]q ho (f>j, m -i{z), 


(3) 


(pj,m( Z )fl = 


q 2m fl^j,m{ Z ) + [j-m + l]0 i>m _!(z), 


(4) 


(f>j,m(z)fo = 


q~ 2m f0<t>j,m{z) +Z- 1 [j + m + l]0 i>m+1 (z), 


(5) 


0j, m ( z )q hl = 


= q- 2m g h ^ j , m (z) i 


(6) 


(pj,m(z)q ho = 


-q 2m q h ^ 3 ,m{z), 


(7) 


<Pj,m(z)q. d = 


q d -^(t) hm (qz). 



Proof. The relation (3) is obvious by the defintion, and (5) (6) and (7) are directly proved. 
The relations (1), (2) and (4) for m = j are checked by Lemma 5.3. Then the relation (2) 
for m < j is proved by induction on m. Finally (1) and (4) are derived from (2) and (3). 
Q.E.D. 

Let us put 

As a consequence of Proposition 5.3, we have the following theorem. 
Theorem 5.4 Suppose that 2j Z>q. Then the operator 

oo 
m=0 

gives rise to an intertwining operator i 7 } — > F; +J ® of £/g-modules. 

Remark 1. This theorem asserts that $ j\^i z ) is a Fock module version of the (/-deformed 
chiral vertex operators of Frenkel and Reshetikhin. Note that to prove the intertwining 
property when 2j G Z> one must verify 4>j-j{z)fi = q~ 2 ^ f\4>j-j{z) and (j)j-j(z)eo = 
e (pj-j(z). 
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J 3,3-m 



Remark 2. We formally set 

00 /-Sioo ps r oo 

for an appropriate choice of scalars si, • • • , s r . Then it would give an intertwining operator 

~®\y- r {z) : F,->F l+i _ r ®^(z) 

for an arbitrary / G C*. To understand it mathematically, we need to study a choice of 
the (/-cycle of the Jackson integral rigorously in the operator formalism. 

6. Correlation functions 

Let jo, • • • , jNij 00 be a set of complex numbers satisfying 

(6.1) jo + --- + j N -joo = M 

for some non- negative integer M. For each a = l,---, N let n a : U q — > V ?a (2) be the 
evaluation representation and $fj a (z) : F/ — > F m ® V 7a (2) be an intertwining operator. 
Put 

$™. ( Z ) = z^m-At^m , z y 

In this section we shall be concerned with a formal calculation of the n-point correlation 
functions: 

(6-2) (^-- 1 i,(^)^:;j,- 1 (^-i)"-^j a (^)^j 1 (^)> 

for a choice of Ii,---,In- Here (A) = ((joo\, A\jo)) is given by the canonical pairing 
_pt x F- > C 

Joo,Joo,Joo Joo,Joo,Joo 

However, since the operator tor m=£ l + j is not defined rigorously at present, 

we shall use the following function instead: 
(6.3) 

where / a = Jo H r j a - 
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Let 1Z e U q <S>U q be the universal i?- matrix and put 



Rv a V b (Za/Zb) = {n a ®K b )(o{K 1 )) 

where a(u®v) = v®u (cf. [FR]). It acts on the a-th and 6-th components of Vj 1 <g>- • -<8>Vj N 
as a formal power series of z a /zb- Let T a f(z\, • • • , ztv) = f(zi, ■ ■ ■ ,pt a , ■ • • , zn)- Then we 
have the following: 

Proposition 6.1 The function jF(t, z) = J-(t\, • • • , £m, zi, ■ • • , zn) valued in Vj 1 ® • • -®Vj w 
satisfies the quantum (g-deformed) Knizhnik-Zamolodchikov equation: 



T a F(t,z) = R VaVa _ 1 (f^)...R VaVl ( I y") 

Z a -1 Z\ 



PZa X D /P^a 
~J'" RVM ~ 

*a{^T +j ~ +1 Rv N V a C-^V 1 ■ ■ ■ Rv a+1 V a C-^V^it, Z), 

z a Z a 

a = 1, • • • , N, 

modulo total p-difference of a function with respect to t\, ■ ■ ■ , £m, where p = q 2< - k + 2 ^ as 
before. 

Proof. It is proved by the same way as [FR], [J 2] or [IIJMNT] if we note the following: 

(1) The Drinfeld Casimir operator acts on Fi by a scalar p Al . 

(2) The operator S(t) commutes with the action of U' q modulo a total difference. 
Here (1) for general / follows from Corollary 4.4 and the result is continued to arbitrary /, 
and (2) is nothing else but Proposition 4.5. Q.E.D. 

Now let us explicitly calculate the correlation function when the number of the screen- 
ing operator is one. Let us prepare the following notations: 



oo oo 



(x;p) 00 =l[(l-p m x), (x;p,q 4 ) 00 = J] J] (1-p^q^x). 

m=0 mi=0 m2=0 

At first, by operator product expansion, we have 

(S{t)(f> jN j N (z N ) ■ •■<t>j a+1 ,j a+1 {z a +l)X-(x)(f> ja j a (z a ) ■ ••(f> jl , jl (z 1 )) 

= D(t, z u ■ ■ ■ , z N )ip a (t, x, zi, • • ■ , z N ), 
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where 



N ' 2 0a+ly - n \ „ 2j a j b 



a=0 L\ (W 2jat /^PU 

i<a<b<N (PQ 2j »- 2jb+2 Zb/z a ;p, q 4 )oo(pq- 2 ^+ 2 ^ +2 z b /z a ;p, q% 



and 



(q — q 1 ) 2 tx 



f _1 TT g J ' ro X - Q fc+2 ^m _ g ^ 1 g TT _ Jm TT ~ g * 2 Jm X 

\^ JJ-jj^ x — q k + 2 +i™ z m t — q~ k ~ 2 x/t ~^ m z m ~ q~ h ~ 2+ i m x 

_ qt - q k+1 x -A- q jm x - q k+2 z m yr _ jm yr z m - q- k - 2 ~i™x 
t — q k+2 x H x — q k+2+ ^ m z m z m — q~ k ~ 2+ i m x 

H m=l H m m=l m=a+l m H 

Here each term of ip a (t, x, z±, • ■ • , zn) is understood to be a power series, by expanding as 



u — q v 
u — q b v 



= (1 - q a v/u) (d b v/ur (\q b v/u\ < 1), 



which is analytically continued. 

/dx 
- — = denote the integration around x = according to the expansion above, 

and Res :E=Xo denote the residue at x = xq of a rational function after continued. Since 

Res x= oifj a (t, x, zi, • • • , zn) = 0, we have 

/dx 
^—^=ip a (t,x,z 1 ,---,z N ) 

1 I dx 1 / -i qt - q^x') -A- q jm x - q k+2 z m 
' (q-q' 1 ) 2 J 2 7 r v /r Tte r ~ t ~ Q h+2x J 4 x-q k + 2 +^z m 



1 f dx 1 -A- q jm x — q k+2 z ri 

- q- 1 ) J (t - q k+2 x)x A J- x - g fc + 2 +i-z r 



(5 

Now Res^oo-i/'aft, x, zi, • • • , z N ) = 0, and 

Res x=q - k - 2t Mt, x, Zl ,---, z N ) = ~ ( 1)t 11 -k-2 t _ q k+2+ jmz r ' 
Therefore, by the residue theorem, we have 

r dx 1 rr q 3m t - q 2{k+2) z m 
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Hence we conclude 

(S(t)(p jN , jN (z N ) ■ ■ • (f>j a -l,j a ( z a) ■ ■•<f>ji,ji(zi)) 

2 7rA /^l {^a-i(t,x,z lr --,z N ) -q Ja ip a (t,x,z lr --,z N )} 



y m=l 



(l-(/ 2 ^) 1 W ^t-Q 2 ( fc + 2 )^ m 

l ^ 1, '"'^ J (/ — (/ _1 t-g2(fc+2)+i OZa Ai- l t-g2(fc+2)+i mZm 

The correlation function is given by a Jackson integral of this function, which gives rise 
to a solution to the quantum Knizhnik-Zamolodchikov equation. This expression of the 
integrand is similar to the one considered previously by the author [Ml] up to normalization 
and transformation. 

7. Conclusion 

In this paper, we have construcred a (/-deformtion of the screening operators and primary 
fields acting on Fock modules -F/,mi,m 2 - The screening operator S + (z) is used to define 
the small Fock space Fi = ker Q + , which is same as the Fock space of the Wakimoto 
module. The commutater of the screening operator S(z) with U' q is a total difference, 
which is eliminated by a Jackson integral in the sense of sect. 2. Thus the correlation 
function of our primary fields and screening operators satisfy the quantum ((/-deformed) 
Knizhnik-Zamolodchikov equation. When the number of the screening operator is one, 
the expression of the correlation function essentially coincides with the one introduced in 
[Ml]. In this simple case, the calculation is easy because only the primary fields of type 
<j>j,j{z) or (f)jj_i(z) are necessary. In principle this calculation is generalized to the case 
that the number of screening operator is larger than one. It will be discussed elsewhere. It 
is also desirable to study the case of 2j e Z> , especialy for an integral level. It is worth 
the mention that, to construct the (/-vertex operators of irreducible [/^-modules, the BRST 
analysis of Bernard-Felder [BF] seems to be necessary. 

Finally we shall make a comment on the work by Kato et al. [KQS], which also gives 
an expression of the q- vertex operators using the Fock module constructed by Shiraishi [S] . 
Their preprint seems to contain a serious confusion in the following sense. The primary 
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fields are a priori operators among the large Fock modules. In their formulation the small 
Fock spaces are by defintion Fi = U q \l). This is unsatisfactory since it is not obvious 
that the primary field is an operator among them; it could fail when the spin / is special. 
Moreover, since the Fock module is reducible, the existence and uniqueness of the (/-vertex 
operators have not been clarified. It is not certain whether the property (3.16)-(3.18) 
in [KQS] uniquely determine the expression of the primary field. To see it one must 
know the structure of the Fock module embedded in the large Fock space in some detail. 
Consequently their construction of the (/-vertex operators seems to be incomplete. In the 
present paper we have overcome these difficulties by introducing the screening operator 
S + (z). The situation is similar to the q = 1 case (cf. [FLMSS]). 
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